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Perturbation Analysis of the Octupole-induced Resonances in a Storage Ring

This note is a continuation from LS-126, in which we derived a formula

for the lowest-order amplitude-dependent tune shift for octupole-induced reso-

nances. Here, we wil apply the canonical perturbation theory to the octupolar

Hamilonian and attempt to extend our analysis further in order to obtain much

clearer insight on the octupole-induced resonances. We wil derive the distortion

functions, which measure the distorti~ms of the particle oscilation phase and am-

plitude in phase space. Based upon these distortion functions, we wil derive the

higher-order amplitude-dependent tune shifts for octupoles.

Our starting Hamilonian is Eq. (15) in L8-126. 8ince we already analyzed

the ~-independent terms in L8-126, here we simply drop these terms and keep

only those terms that depend on ~. Except for their contribution to the lowest-

order amplitude-dependent tune shift, the f-independent terms do not contribute

to our analysis. The octupolar Hamilonian V is then written as:

BII
V(J,~;s) = -¡ß;J;(cos4~x +4cos2~x)

48Bp

- 6ßxßyJxJyf.cos2(~x + ~y) + cos 2(~x - ~y) + 2 cos 2~x (1)

+ 2 cos 2~y J + ß; J; ( cos 4~y + 4 cos 2~y) J .

The above equation can be conveniently expressed by:

V(J,~; s) = !x(s)J; (cos 4~x + 4 cos 2~x)

- 6!xy(s)Jx Jy (cos 2~+ + cos 2~_ + 2 cos 2~x + 2 cos 2~y) (2)

+ !y(s)J; (cos 4~y + 4 cos 2~y).
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where

f (s) = ~ BII(s) ß2 = !m(s)x 48 Bp x 8-
1 RII (" \ 1

fxy(s) = 4~8 ~ B~~I ßXßy - ~m(s)

f ( ) = ~ BII (S) ß2 = ! - ( )y s 48 Bp y - 8 m s ,

(3 )

and m, m, iñ are :

BIf BIIlm _ß2 = -i5(s - Sk)ß2- 6Bp x 6Bp x
Bm BIIl

m 6Bpßxßy = 6Bp e5(s - Sk)ßxßy

BII BIfliñ _ß2 = -e5(s - Sk)ß2.6Bp y 6Bp y

(4 )

In the above, Sk is the distance of the kth octupole from an arbitrary reference

point in the ring.

The total Hamiltqnian is then simply

Jx Jy
h = ßx + ßy + V(Jx, Jy, ~x, ~y; s). (5 )

For small V, we can treat the octupole term as a perturbation and make the

Birkhoff-Moser transformation to J1z and ~iz. This transformation can be ac-

complished via the following generating function:

Fi(~x, ~y, Jix, J1y; s) = ~xJix + ~yJiy + G(~x, ~y, Jix, Jiy; s) (6)

where G is the function that wil be obtained in the following. The assumption

of small V is valid as long as a particle is suffciently far from the resonance.
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If a particle is near the single resonance, then a canonical transformation exists

that leaves only the dominant resonant term by transforming away all the non-

resonant terms. Treatment of this case is not the subject of this note,

If G is small enough, the above transformation is close to the identity trans-

formation:
BF1

~lz = BJ1z = ~z + GJiz

òF1
Jz = ò~z = Jiz + Gøz

(7)

where z = x, y and Ga is defined by:

G _ BGa - Ba (8 )

The new Hamilonian is then

h - h òF1 _ Jix + Gø", Jiy + Gøy2 - + Bs - ßx + ßy
+ V(~x,~y,Jix + Gø""J1y + Gøy;S) + Gs

(9 )

Following the assumption of small V, we expand V to first order in 15 Jz = G ø z .

When this is done, the new Hamiltonian has the form:

J1x + G,p", J1y + G,pyh2 = ßx + ßy + V(~x,~y,Jix,Jiy)

+ VJixG,p", + VJiyG,py + Gs.
(10)

We note that the VJi¡;G,p", and VJiyGøy terms are of second order. Therefore, if

G satisfies the following equation,

G GÁ.~+-:+G +V=Oßx ßy s , (11 )

then Jix and J1y are approximately constants of the motion to first order in 8 J x

and i5Jy.
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The new Hamilonian then becomes

Jix J1y
h2 = ßx + ßy + VJizG,pz + VJiyG,py. (12)

Let's consider Eq. (11). We'd like to find its periodic solution. Eq.(ll) is, in more

general form,

v(Ji). G,p + Go + V(~,Ji;e) = 0 , (13)

where

(J ) = ah2(Ji)v 1 aJi
Note that the independent variable has been changed from s to e. In order for a

periodic solution to exist, the following relation must hold:

2ir 2ir

¡dO J d~V(~,J;O) =0
o 0

(14 )

Fourier-analyzing V and G, we have

V(~,Ji,O) = LVk(Ji,O)eik,p

k

G(~,Ji,O) = Lgk(Ji,e)eik,p
k

G,p = ik Lgk(Ji,e)eik,p
k

G - ~ ågk(Ji, e) ik,po - .f ae e
k

(15 )

Therefore, Eq. (13) becomes

¡ikv(Ji) + :eJgk = -Vk (16)

This equation can be solved by using the Green's function method. The solution
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is given by

O+2ir

J eik¡,p+!I(O'-O-ir)J Vk (Ji, OI)dBI.
o

Using the above formalism and Fourier-transforming Eq.(2), we obtain

i
gk = 2 sin 7fkv (17)

s+C

G = - J ¡fx(SI)J; (~in4ax + 4.sin2ax)
2 sm47fvx sm27fvx

s

_ f (I)J J ( sin 2a+ sin 2a_ 2 sin 2ax (18)3 xy s x Y' + . + .
sm 27fv+ sm 27fv_ sm 27fvx

2sin2ay) fy(s')J; ( sin4ay 4sin2aY)Jd i

+ . + 2 \. + . 2 s,sm 27fVy 8m 47fVy sm 7fVy

where

az = ~z + 'lz(SI) - 'lz(s) - 7fVz

a:J = ~:J + 'I:J(SI) - 'I:J(s) - 7fV:J (19)

~:J = ~x :l ~y, 'I:J = 'lx :: 'ly, V:J = Vx :l vy

and s 0
J dSI J Rd8'

'lz(s) = ßz(SI) = ßz(BI)o 0C O+2ir
J ds' 1 J Rd8'

Vz = ßz(SI) = 27f ßz(81)'o 0
where C is the circumference of the ring (i.e.,C = 27fR) and z denotes either x

(20)

or y.

Equation (18) indicates that the octupole-induced resonances are, to first

order,

4vx = p, 2vx = p, 2vx:l 2vy = P

(21)
4vy = p, 2vy = p ,

where p is an integer.
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Distortion Functions

Using Eqs. (7) and (18) j we obtain the distortions in oscilation amplitude:

BG
bJx = - =-

å~x

s+C

J ¡2fx (SI)J; ( ~os 4ax + 2.cos 2ax)sm 47fvx sm 27f Vx
8 (22)

f (') ( cos 2a+ cos 2a_ 2 cos 2ax)J i- 6 xy s JxJy. + . + . ds
sm 27fv+ sm 27fv_ sm 27fvx

and

s+C

i5J = BG = _ J -¡6f (s')J J ( cos 2a+ _ cos 2a_ + 2 cos 2ay)y B~y xy x Y sin 27fv+ sin 27fV_ sin 27fvy
s (23)

+ 2f (SI)J2 ( ~os 4ay + 2.cos 2ay) jdsl.
y y sm 47fvy sm 27fvy

These equations can be written in more compact form:

2 -i5Jx = -2Jx (F4x + 2F2x) + 6JxJy(FH + F2- + 2F2x)

- 2bJy = 6JxJy(FH - F2- + 2F2y) - 2Jy (F4y + 2F2y)
(24 )

where

F4z = B4z cos 4~z - A4z sin 4~z

F2z = B2z cos 2~z - Azz sin 2~z

F2z = E2z cos 2~z - A2z sin 2~z
(25 )

Fa = Ba cos 2~-J - Aa sin 2~-J
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and

s+C

B4z == r dsllz(SI) ICOS4(1b~(s) - 'i)~(s) - 7fV~)
J sin 47fvz . -\,w\ I w\ I . - wI
s

s+C

A4z =
J d~1 Iz(sl) sin4(1,z(sl) - 1,z(s) - 7fVz)sin 47fvz
s

s+C

B2z =
J ds' f (Sl)

. z cos 2(1,z(SI) - 1,z(s) - 7fVz)

sin 27fvz
s

s+C

A2z =
J ds' f (Sl)

. z Jsin2(1,z(sl)-'lz(s)-7fVz)

sin 27fvz
s

(26)s+C

B2-r = J ds'lxy(s') i. cos2(1,-r(s) - 1,-r(s) - 7fv-r)
sin27fv-r

s

s+C

A2-r =
J ds'lxy(SI) . I

. sin2(1,-r(s) - 1,-r(s) - 7fv-r)
sin27fv-r

s

s+C

E2z =
J ds' f (Sl)

. xy cos 2 

(1,z(SI) - 1,z(s) - 7fVz)
sin 27fvz

s

s+C

A2z =
J ds' f (Sl)

. xy sin2(1,z(s') - 1,z(s) - 7fVz)

sin 27fvz
s

These functions are the distortion functions for normal octupoles. Distortion

functions measure the distortion of the betatron oscilation amplitudes in phase-

space.

Next, we'd like to express the above integrals in terms of the summations. For

this purpose let us consider, for example, the B4z term. The explicit expression

for B4z is given by :

7



s+C B11I('Î¡ 2 C( i )
1 J ~ß U S -SkBp z , i

B4z = - . ds cos 4 
(1lz (s ) -1lz(Sk) - 7fVz).48 sm47fvz

s

For s' .: Sk,

1lz(Sk) = 1lz(Sk) + 27fvz .

Therefore, for SI .: Ski

Bil 21 ~ Bpßz i
B4z = - L. . cos 4( 1lz( S ) - 1lz( Sk) + 7fVz)

48 k sm 47fvz

On the other hand, for Si ?- Ski

Bil 21 ~ ¡rßz i
B4z = - L. . cos4(1lz(s) -1lz(Sk) - 7fVz)

48 sm47fvz
k

In general,

1~ mk
B4x(s) = -.f . - cos4(I1lx(Sk) -1lx(s)l- 7fVx)

8 k sm47fvx

1 ~ iñk
B4y(S) = - L. . cos4(I1ly(Sk) -1ly(s)l- 7fVy)

8 sm47fvy
k

1~ mk
B2x(s) = -.f . - cos2(I1lx(Sk) -1lx(s)l- 7fVx)

8 k sm 27fvx

1 ~ iñk
B2y(s) = -.f . cos2(I1ly(Sk) -1ly(s)l- 7fVy)

8 sm 27fvy
k

1~ mk
Ba(s) = - L. . cos 2 (11l:i:Sk) -1l:J::s)l- 7fV:l)8 k sm 27fv:i

- 1~ mk
B2x(S) = -.f . cos2(I1lx(Sk) -1lx(s)l- 7fVx)

8 k sm 27fvx

- 1~ mkB2Y(S) = - L. . cos2(I1ly(Sk) -1ly(s)l- 7fVy).
8 k sm 27fvy

In the above equations, m,m,iñ are given by Eq.(4).
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We now express the distortions of the amplitude in terms of the real coordi-

nates. Rewriting Eq.(24) explicitly in terms of the distortion functions yields:

f:Y _ ,"Y2fB ___A.J A _:_A.J i ,"0 ---'"A-.U J X - - £JJ X ~ 4x LV~ '-4Jx - £ì4x ~ll! '-4Jx i £J.L2x LV:: £J'lx

- 2A2x sin 2~x) + 6JxJy(B2+ cos 2~+ - A2+ sin 2~+ + B2- cos 2~_ (28)

- A2- sin 2~_ + 2E2x cos 2~x - 2A2x sin 2~x)

and

bJy = 6JxJy(B2+ cos 2~+ - A2+ sin 2~+ - B2- cos 2~_

+ A2- cos 2~_ + 2E2y cos 2~y - 2A2Y sin 2~y)

- 2J; (B4y cos 4~y - A4y sin 4~y + 2B2y cos 2~y - 2A2y sin 2~y).

(29)

The above two equations can be expressed in terms of the particle oscillation

amplitude, Az = J2ßzJz:

ßz f:
i5Az = -vJz,

Az

;; Az
V 2Jz = I7

vßz
(30)

Therefore, we obtain

15 Ax = ßx 15 Jx = - Aß~ (B4x cos 4~x - A4x sin 4~xAx 2 x
3AxA~

+ 2B2x cos 2~x - 2A2x sin 2~x) + ß (B2+ cos 2~+
2 y

- A2+ sin 2~+ + B2- cos 2~_ - A2- sin 2~_ + 2E2x cos 2~x - 2A2x sin 2~x)

(31)

and

ßy 3A~Ay ( .
i5Ay = -i5Jy = B2+ cos 2~+ - A2+ sin 2~+Ay 2ßx

- B2- cos 2~_ + A2- sin 2~_ + 2E2y cos 2~y - 2A2y sin 2~y) (32)
A3

- -- (B4y cos 4~y - A4y sin 4~y + 2B2y cos 2~y - 2A2y sin 2~y)2ßy

where ßx, ßy are the ß-functions at the observation point.
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Amplitude-dependent Tune 8hift

Consider the new Hamiltonian given by Eq.(9). This can be written in the

form:

h2 = ho(Ji) + v(J1) . G,p + Gs + V(~, Ji; s) + VJi . G,p + .... (33)

In the above equation, the nonlinear term can be separated into a part that

depends only on the new action variable and into another part that involves

Ji, ~l, and s but has an average value of zero. This oscilatory term is the object

of the next canonical transformation. The term, which is a new action variable

Ji, then leads to a change of frequencies with amplitude.

The new Hamiltonian can be written in the form,

h2 = ho(Ji)+ ~ VI(Ji) ? +¡VI- ~ VI ?J

= hoi (Ji) + Vi (~i, J1, s)
(34 )

and the new shifted frequency is

ßh01 ß ~ VI?Vi(Ji) = aJi = v(Ji) + aJi . (35)

Eq. (34) is explicitly given by

CJ1x Jiy 1 J
hoi = ßx + ßy + c (Wx + Wy)ds,

o

(36)

where

Wz =~ G,pzJiz? ,z = x,y
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From Eq. (2),

BV
VJiz= BJx =2!xJx(cos4~x+4cos2~x)

- 6 !xyJy (cos 2~+ + cos 2~_ + 2 cos 2~x + 2 cos 2~y).
( 37)

On the other hand, G,p", = (BG / B~x) = i5Jx has already been calculated and is

given by Eq. (24). In what follows, we wil omit all the A terms, simply because

they do not contribute to the average. We then have

G,p", _ - 2J; (B4x cos 4~x + 2B2x cos 2~x)

+ 6JxJy(BH cos 2~+ + B2- cos 2~_ + 2E2x cos 2~x)'
(38)

Thus,

c1 J 2
Wx =~ G,p", VJix :?= C ¡ -2Jx (B4x cos 4~x + 2B2x cos 2~x)

o

+ 6JxJy(BH cos 2~+ + B2- cos 2~_ + 2E2x cos 2cPx) J

x ¡2!x Jx (cos 4~x + 4 cos 2~x) - 6!xyJy(cos 2~+

+ cos 2~_ + 2 cos 2~x + 2 cos 2~iJJds
c1 J 3 2 2

= C ¡-4!xJx (B4x cos 4~x + 8B2x cos 2~x)
o

+ 12!xJ;Jy(8E2X cos2 2~x) + 12!xyJ;Jy(4B2x cos2 2cPx)

- 36!xyJxJ; (BH cos2 2~+ + B2- cos2 2~_

- 2+ 4B2x cos 2~x)jds.

(39)

After taking the average, we obtain3 2 -
Wx = -2!xJx (B4x + 8B2x) + 48!xJx JyB2x2 2 -+ 24!xyJx JyB2x - 18!xyJxJy (BH + B2- + 4B2x)'

( 40)
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We now consider fxE2x and fxyB2x,

s+C B��f( 0\1
- 1 BII(s)Iß; 1 r dSIT

fzB2X=48 lip 8(S-Sk)48 J sin 
27fvx 

ßxßyi5(s-s.J)
s

X cos2(1lx(SI) -1lx(s) - 7fVx) (41)
1 Bml 1 1 ß;BIII

= L48(Bßxßyhi5(s-Sk)48 . 2 (B hk P sin 7fVx P
x cos 2(1lx(Sk) -1lx(s) - 7fVx)'

This holds for Wx. Therefore, fXE2x = fxyB2x, Thus,3 2 2 -
Wx = -2fxJx 

(B4x+8B2x)+72fxyJxJyB2x-18fxyJxJy (B2++B2-+4B2x) (42)

We can also obtain Wy by the same procedure.

C

Wy =.: G,py VJiy )-= ~ J ¡6JxJy(B2+ cos 2~+ - B2- cos 2~_)

o

+ 2E2Y cos 2~y) - 2J; (B4y cos 4~y + 2B2y cos 2~y) J

x ¡-6fxyJx(cos 2~+ + cos 2~_) + 2 cos 2~x + 2 cos 2~y)

+ 2fxfy(cos4~y + 4cos2~y)Jds

C1 J 2 2
= C ¡-36fxyJxJy(B2+ cos 2~+

o 2 - 2
- B2- cos 2~_ + 4B2y cos 2~y)

+ 12fxyJxJ;(4B2Y cos2 2~y) + 12fyJxJ;(8E2Y cos2 2~y)

- 4fyJ;(B4Y cos2 4~y + 8B2y cos2 2~y)Jds.2 -= - 18fxyJxJy(B2+ - B2- + 4B2y)2 2 - 3
+ 24fxyJxJy B2y + 48fyJxJy B2y - 2fyJy (B4y + 8B2y).

(43)
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As in Eq. (41), in this case we find fxyB2y = fyE2y. Therefore,

i;fT - 1 ° ~ 72 7 f D B i A is \ i '7... 7 72 D .. ~ 73 f D i 0B \ ( \Yy - -l.oJxyJxJy,LJ2+- 2-T'XLJ2y)TI"'JxyJxJyLJ2Y-"'JyJy,LJ4yTO 2y). ,44)

Finally, we have

c
W = ~ J (Wx + Wy)ds

o~ m 3 9 2 - (45)
= Ll-4Jx (B4x + 8B2xh - ¡mJxJy(B2+ - B2- - 4B2x + 4B2yh

k9 2 -) 1 3
- ¡mJxJy (B2+ + B2- + 4B2x - 4B2y k - ¡iñJy (B4y + 8B2yhJ.

The amplitude-dependent tune shifts are, therefore, given by:

1 BW 1 '" 3m 2
/:vx = 27f BJx = - 27f .f¡ 4Jx (B4x + 8B2xh

k9m - (46)
+ -JxJy(B2+ - B2- - 4B2x + 4B2yh

29m 2 -
+ 4Jy (B2+ + B2- + 4B2x - 4B2yhl

and

1 BW 1 ~ 9m 2
/:v = -- = - - .fi-J (B2+ - B2-y 27f BJy 27f k 4 x

- 9m
- 4B2x + 4B2yh + TJxJy(B2+ + B2-

- 3m 2
+ 4B2x - 4B2yh + 4Jy (B4y + 8B2yhJ.

( 47)

Combining the above results with those given by Eq. (20) in L8-126, we finally
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obtain the octupole-induced amplitude-dependent tune shifts:

23 ¿ 23 ¿27fßv =a- m-b- mx 8 -- 4
3 4~

- 16 a L. m(B4x + 8B2x)9 2 2~ -
- Sa b L. m(B2+ - B2- - 4B2x + 4B2y)9 4¿ -
- -b m(B2+ + B2- + 4B2x - 4B2y)

16

( 48)

and

23 ¿ 23 ¿27f Liv = -a - m + b - my 4 89 4¿ -
- -a m(B2+ - B2- - 4B2x + 4B2y)

169 2 2 ~ -
- Sa b .f m(B2+ + B2- + 4B2x - 4B2y)

- ~b4 ~ iñ(B4y + 8B2y).16 L.

( 49)
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